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DIRECTED RIEMANNIAN MANIFOLDS OF POINTWISE CONSTANT
RELATIVE SECTIONAL CURVATURE
GEORGI GANCHEV AND VESSELKA MIHOVA
Abstract. We study a class of Riemannian manifolds with respect to the covariant deriva-
tive of their curvature tensors. We introduce geometrically the class of directed Riemannian
manifolds of pointwise constant relative sectional curvature and give a tensor characteriza-
tion for such manifolds. We prove that all rotational hypersurfaces are directed and find the
rotational hypersurfaces of pointwise constant relative sectional curvature. For the class of
directed Riemannian manifolds of pointwise constant relative sectional curvature having a
totally umbilical scalar distribution we prove a structural theorem and a theorem of Schur’s
type.
1. Introduction
Let (M, g) be a Riemannian manifold with Levi-Civita connection ∇ and curvature tensor
R. If V is an n-dimensional vector space identified with the tangent space at an arbitrary
point in M , denote by R(V ) the linear space of all tensors of type (0,4) over V having the
symmetries of R.
According to the general theory of group representations [6] there exists a splitting of
R(V ) into irreducible components under the action of O(n). Singer and Thorpe [4] and
Nomizu [3] give explicitly a decomposition of R(V ) and describe it geometrically in terms
of the well-known classes of Riemannian manifolds of constant sectional curvature, Einstein
manifolds and conformally flat Riemannian manifolds.
In the case when (M, g, J) is an almost Hermitian manifold with almost complex structure
J and V is a 2n-dimensional Hermitian vector space, Tricerri and Vanhecke give in [5] a
complete explicit decomposition of R(V ) under the action of U(n). In this case the splitting
of R(V ) gives many new classes of almost Hermitian manifolds with respect to R and leads
to the problem of their geometrical description.
Following this scheme of studying Riemannian manifolds it seems natural to investigate
the linear space ∇R(V ) of all tensors of type (0,5) over V having the symmetries of the
covariant derivative ∇R of the curvature tensor R of a Riemannian manifold (M, g). A
complete explicit decomposition of ∇R(V ) under the action of O(n) has been given by
Gray and Vanhecke in [2]. The zero space of this splitting (∇R = 0) leads to the class of
locally symmetric Riemannian manifolds and this class corresponds to the class of locally flat
Riemannian manifolds which is the zero class (R = 0) in the splitting of R(V ). However we
have to mention that for the classes of Riemannian manifolds with respect to ∇R (∇R 6= 0)
it is not known very much.
Conformally flat Riemannian manifolds (M, g, dτ) with metric g and scalar 1-form dτ (τ
being the scalar curvature of (M, g)) have been studied in [1].
In this paper we consider the class of Riemannian manifolds whose covariant derivative ∇R
of the curvature tensor is constructed only by the metric g and the scalar 1-form dτ . This
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class corresponds to the class of Riemannian manifolds of constant sectional curvature (in the
splitting of R(V )). We introduce geometrically the class of directed Riemannian manifolds
of pointwise constant relative sectional curvature and prove that these manifolds form the
class of Riemannian manifolds with special covariant derivative ∇R of the curvature tensor
mentioned above. We prove that any rotational hypersurface is a directed Riemannian man-
ifold and find all rotational hypersurfaces of pointwise constant relative sectional curvature.
For the special subclass of the directed Riemannian manifolds of pointwise constant relative
sectional curvature whose distribution is totally umbilical we prove a structural theorem and
a theorem of Schur’s type.
2. Directed Riemannian manifolds of pointwise constant relative sectional
curvature
Let (M, g) be a Riemannian manifold with Levi-Civita connection ∇. The Riemann-
ian curvature operator R is given by R(X, Y ) = [∇X ,∇Y ] − ∇[X,Y ] and the corresponding
curvature tensor of type (0,4) is defined by R(X, Y, Z, U) = g(R(X, Y )Z, U) for arbitrary
differentiable vector fields X,Y,Z,U. Further the algebra of all differentiable vector fields on
M will be denoted by XM .
The covariant derivative ∇R of the curvature tensor R has the following symmetries:
(1)
(∇WR)(X, Y, Z, U) = −(∇WR)(Y,X, Z, U) = −(∇WR)(X, Y, U, Z);
σXY Z(∇WR)(X, Y, Z, U) = 0;
σWXY (∇WR)(X, Y, Z, U) = 0,
where W,X, Y, Z, U ∈ XM and σ denotes the corresponding cyclic summation.
We denote by τ the scalar curvature of the manifold (M, g) and by pi the tensor
pi(X, Y, Z, U) = g(Y, Z)g(X,U)− g(X,Z)g(Y, U); X, Y, Z, U ∈ XM.
We recall that a Riemannian manifold of constant sectional curvatures is characterized by
the equality
(2) R =
τ
n(n− 1)pi,
i.e. the curvature tensor of a Riemannian manifold of constant sectional curvatures is con-
structed only by the metric g.
Let ω be a 1-form on the Riemannian manifold (M, g). We consider the tensor
Π(ω)(W,X, Y, Z, U) = 2ω(W )pi(X, Y, Z, U) + ω(X)pi(W,Y, Z, U)
+ω(Y )pi(X,W,Z, U) + ω(Z)pi(X, Y,W, U) + ω(U)pi(X, Y, Z,W ).
It is easy to check that the tensor Π(ω) has the symmetries (1) of the tensor ∇R.
Our aim in this paper is to study the class of Riemannian manifolds characterized by the
condition
(3) ∇R = 1
2(n− 1)(n+ 2)Π(ω).
With respect to ∇R this class formally corresponds to the class of Riemannian manifolds
of constant sectional curvatures. In terms of the decomposition of ∇R [2] the condition (3)
means that ∇R coincides with its component in the space ∇RI .
In this section we characterize the equality (3) geometrically.
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Let E = span{X, Y } be a 2-plane in the tangent space TpM at a point p in M and
{X, Y } be an orthonormal basis of E. The tensor ∇R generates the 1-form ϕE defined on
E as follows:
(4) ϕE(Z) = (∇ZR)(X, Y, Y,X), Z ∈ E.
Because of the properties (1) of ∇R the 1-form ϕE does not depend on the orthonormal
basis of E.
The 1-form ϕE defined on E by (4) is said to be a sectional 1-form.
Let now η be a unit 1-form on (M, g) and ∆ be the distribution of η, i.e.
∆(p) = {X ∈ TpM : η(X) = 0}, p ∈M.
Definition 2.1. A Riemannian manifold (M, g) is said to be directed if there exists a unit
1-form η on M such that
i) ϕE = k(E, p) η|E for all E 6⊂ ∆;
ii) ϕE = 0 for all E ⊂ ∆.
For any 2-plane E 6⊂ ∆ the function k(E, p) is said to be a relative sectional curvature.
The condition i) means that all sectional 1-forms ϕE, E 6⊂ ∆ are collinear with the
restriction of the 1-form η to the 2-plane E. We say that (M, g) is directed by the 1-form η.
Definition 2.2. A directed Riemannian manifold (M, g) is said to be of pointwise constant
relative sectional curvatures if the relative sectional curvature k(E, p) of any 2-plane E 6⊂ ∆
does not depend on E.
In order to find a tensor characterization for the Riemannian manifolds described in Def-
inition 2.2 we need the following
Lemma 2.3. Let L be a tensor of type (0, 5) satisfying the following equalities
i) L(W,X, Y, Z, U) = −L(W,Y,X, Z, U) = −L(W,X, Y, U, Z);
ii) σXY ZL(W,X, Y, Z, U) = 0;
iii) σWXYL(W,X, Y, Z, U) = 0
for all W,X, Y, Z, U ∈ XM .
If L(X,X,Z, Z,X) = 0 for arbitrary X,Z ∈ XM , then L ≡ 0.
Proof. Substituting successively X by X + Y and by X − Y into the equality
L(X,X,Z, Z,X) = 0
and taking into account the properties of L, we obtain
(5) L(X, Y, Z, Z, Y ) + 2L(Y,X, Z, Z, Y ) = 0.
This implies that
(6) L(Y,X, Z, Z, Y ) = L(Z,X, Y, Y, Z).
Applying the condition iii) to L(X, Y, Z, Z, Y ) and taking into account (6) we find
L(X, Y, Z, Z, Y )− 2L(Y,X, Z, Z, Y ) = 0.
The last equality combined with (5) implies L(X, Y, Z, Z, Y ) = 0 for all X, Y, Z ∈ XM .
Now it follows in a standard way that L ≡ 0. 
We give a tensor characterization for directed manifolds of pointwise constant relative
sectional curvatures.
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Theorem 2.4. Let (M, g) be a Riemannian manifold directed by the unit 1-form η. Then
(M, g) is of pointwise constant relative sectional curvatures k(p) if and only if
(7) ∇R = 1
4
k(p)Π(η).
The function k(p) satisfies the equality
(8) dτ =
(n− 1)(n+ 2)
2
k η,
where τ is the scalar curvature of the manifold.
Proof. To prove the first implication we put
L = ∇R− 1
4
kΠ(η).
Under the conditions of the theorem it is easy to check that L(X,X, Y, Y,X) = 0 for all
X, Y ∈ XM . Applying Lemma 2.3 we obtain (7).
The inverse is an easy verification.
The equality (8) follows from (7) by two contractions.

Theorem 2.4 implies immediately
Corollary 2.5. Let (M, g) be a directed Riemannian manifold of pointwise constant relative
sectional curvatures. Then, (M, g) is locally symmetric if and only if dτ = 0.
Considering directed Riemannian manifolds of pointwise constant relative sectional cur-
vatures k and of nonconstant scalar curvature τ , i. e. dτ 6= 0 on M , we compute (up to an
orientation of η) from (8)
(9) k =
2 ‖dτ‖
(n− 1)(n+ 2) , η =
1
||dτ || dτ .
Hence, the 1-form η is uniquely determined by the metric g.
3. Examples
In this section we give examples of the manifolds introduced in the previous section among
the rotational hypersurfaces.
First we need some formulas.
Let (M, g) be a rotational hypersurface in the Euclidean space Rn+1 with a rotational axis
oriented by a unit vector e. We considerM as a 1-parameter family of spheres Sn−1(t), t ∈ J ,
given by the equalities
(10) (X − x0(t))2 = r2(t), e(X − x0(t)) = 0,
where x0(t) and r(t) are respectively centers and radii of the spheres. Further we assume
that the rotational hypersurfaceM is also given by a vector-valued function X(u1, ..., un−1, t)
satisfying (10), where u1, ..., un−1, t is a local coordinate system on M .
Taking partial derivatives of (10) we find
(X − x0)Xα = 0, eXα = 0;α = 1, ..., n− 1,
(X − x0)Xt = rr′, eXt = 1.
Then the vector X − x0 − rr′e is normal to M at the point X and we can choose the unit
normal to M by the equality
N = −X − x0 − rr
′.e
r
√
1 + r′2
.
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Denote by ξ the unit vector field tangent to M and perpendicular to the parallels Sn−1(t).
Up to a sign we have
ξ =
√
1 + r′2e− r′N.
If ∇′ is the standard flat connection in Rn+1 we find the Weingarten formulas on M :
∇′xN =
1
r
√
1 + r′2
x, x ⊥ ξ;
∇′ξN =
r′′
(
√
1 + r′2)3
ξ.
Hence,the second fundamental tensor h of M has the following structure
(11) h =
1
r
√
1 + r′2
g − 1 + r
′2 + rr′′
r(
√
1 + r′2)3
η ⊗ η,
where η is the dual 1-form of the unit vector field ξ.
Substituting h from (11) into the Gauss equation we find the curvature tensor of any
rotational hypersurface has the following form (see also [1]):
(12) R = api + bΦ,
where a and b are the functions
(13) a =
1
r2(1 + r′2)
, b = −1 + r
′2 + rr′′
r2(1 + r′2)2
and Φ is the tensor
Φ(X, Y, Z, U) = g(Y, Z)η(X)η(U)− g(X,Z)η(Y )η(U)
+g(X,U)η(Y )η(Z)− g(Y, U)η(X)η(Z); X, Y, Z, U ∈ XM.
Let ∇ be the Levi-Civita connection of the rotational hypersurface (M, g). Applying the
second Bianchi identity to (12) we obtain
(14) ∇xξ = λx, λ = ξ(a)
2b
, x ⊥ ξ;
(15) (∇Xη)(Y ) = λ[g(X, Y )− η(X)η(Y )], X, Y ∈ XM ;
(16) da = ξ(a).η = 2λb.η;
(17) db = ξ(b).η;
Taking into account (12), (15), (16) and (17) we calculate with respect to local coordinates
(18) ∇iRjkpq = λb(2ηipijkpq + ηjpiikpq + ηkpijipq
+ηppijkiq + ηqpijkpi) + (ξ(b)− 2bλ)ηiΦjkpq.
If E = span{X, Y } is an arbitrary 2-plane in TpM, p ∈ M with an orthonormal basis
{X, Y }, we denote by γ the angle between ξ and E. Then we have
cos2 γ = η2(X) + η2(Y ).
Taking into account the defining equality (4) from (18) we obtain
ϕE = [4λb+ (ξ(b)− 2bλ) cos2 γ]η.
Thus, we have
Proposition 3.1. Every rotational hypersurface is a directed Riemannian manifold.
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Now we shall find the rotational hypersurfaces of pointwise constant relative sectional
curvature.
As a consequence of (18), (16) and Theorem 2.4 we obtain
Proposition 3.2. A rotational hypersurface (M, g) with curvature tensor (12) is of pointwise
constant relative sectional curvature iff
a− b = B = const
By use of the formulas (13) we find
(19) a− b = 2(1 + r
′2) + rr′′
r2(1 + r′2)2
= B.
Solving the differential equation (19) we obtain
Proposition 3.3. A rotational hypersurface (M, g) with meridian t = t(r) is of pointwise
constant relative sectional curvature iff
(20) t =
∫
r
√
Ar2 +B√
1−Ar4 −Br2dr, 0 < (Ar
2 +B)r2 < 1.
Putting u2 = Ar2 + B,m =
√
B2+4A−B
2A
, m′ =
√
B2+4A+B
2A
, we obtain the meridian of the
hypersurface has equations
r =
√
u2 −B
A
, t =
1
A
∫
u2√
(1−mu2)(1 +m′u2)du.
Further we consider the cases:
I) A > 0. Putting u =
√
1−x2
m
, x ∈ (0, 1) we find the meridian of the rotational hypersurface
has the following equations:
(21) r =
√
1− x2
m
− B
A
, t =
−1
Am
√
m+m′
(J1 − J2),
where
J1 =
∫
dx√
(1− x2)(1− k2x2) , J2 =
∫
x2dx√
(1− x2)(1− k2x2) , (k =
√
m′
m+m′
< 1)
are the integrals of Legendre of first type and of second type, respectively.
II) A < 0. Putting u = x√−m′ , x ∈ (0, 1) we find the equations
(22) r =
√
− x
2
m′A
− B
A
, t = − 1
Am
√−m′J2.
4. The case of a totally umbilical distribution
Let (M, g) be a Riemannian manifold with a unit vector field ξ. By η and ∆ we denote
respectively the dual to ξ 1-form and the distribution perpendicular to ξ.
The distribution ∆ is said to be totally umbilical if
(23) ∇xξ = λx,
where x ∈ ∆ and λ is a function on M .
From (14) it follows that every rotational hypersurface has a totally umbilical distribution.
If we set θ(X) = dη(ξ,X), X ∈ XM , then from (23) it follows that
(24) (∇Xη)(Y ) = λ[g(X, Y )− η(X)η(Y )] + η(X)θ(Y ).
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and
(25) dη = η ∧ θ.
The last equality means that the distribution ∆ is involutive.
Taking into account (24) we find the Gauss formula for the distribution ∆:
(26) ∇xy = Dxy − λg(x, y) ξ; x, y ∈ ∆,
where D is the Levi-Civita connection of the distribution ∆.
Next we denote by K the curvature tensor of D and find the Gauss equation for the
distribution ∆:
(27) R(x, y, z, u) = K(x, y, z, u)− λ2pi(x, y, z, u); x, y, z, u ∈ ∆.
Taking into account (26) and (27) we calculate
(28) (∇wR)(x, y, z, u) = (DwK)(x, y, z, u) + dλ2(w)pi(x, y, z, u);w, x, y, z, u ∈ ∆.
When dτ 6= 0 on the Riemannian manifold (M, g) the distribution of the 1-form dτ is said
to be the scalar distribution.
Now we can prove
Theorem 4.1. Let (M, g) be a connected directed Riemannian manifold of pointwise constant
relative sectional curvature. If the scalar distribution of the manifold is totally umbilical, then
M is a one-parameter family of locally symmetric submanifolds.
Proof. Because of (25) the distriburion ∆ is involutive.
Let p ∈M and Sp be the maximal integral submanifold of the distribution ∆ through the
point p. Since R and K satisfy the second Bianchi identity, then the equality (28) implies
dλ2 = 0 for all w ∈ ∆. This means dλ2 = 0 on Sp. Under the conditions of the theorem
from (7) it follows that the restriction of ∇R onto Sp is zero. Then the equality (28) implies
DK = 0 on Sp, i.e. Sp is a locally symmetric submanifold of M .

The last question to consider is a theorem of Schur’s type for the pointwise constant
relative sectional curvature (9).
Theorem 4.2. Let (M, g) be a directed Riemannian manifold of pointwise constant relative
sectional curvature (9) and totally umbilical scalar distribution. Then the curvature function
k is constant on the integral submanifolds of the scalar distribution iff η is closed (ξ is
geodesic).
Proof. Writing the equality (24) in local coordinates
∇iηj = λ(gij − ηiηj) + ηiθj
we find
∇iτj = ‖dτ‖iηj + ‖dτ‖λ(gij − ηiηj)− ‖dτ‖ηiθj ,
(dk + kθ) ∧ η = 0.
The last equality shows that d ln k + θ = 0 on the integral submanifolds Sp of ∆. Hence,
k is constant on Sp iff θ = 0, i.e. dη = 0.
Finally the equalities
g(∇ξξ, x) + η(∇ξx) = 0;
[ξ, x] = ∇ξx− λx;
θ(x) = −η(∇ξx)
for all x ∈ ∆ imply the condition θ = 0 is equivalent to the condition ∇ξξ = 0, i.e. ξ being
geodesic. 
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Remark 4.3. In the given examples in section 3 a simple calculation shows that
‖dτ‖2 = −4(τ − nB)
2(τ + 2B)
(n− 1)(n+ 2) + C(τ − nB), B, C = const.
Hence, the curvature function k is a constant on Sp, but it is not a global constant on M .
Therefore Theorem 4.2 cannot be improved in this direction.
It is interesting to find examples of directed Riemannian manifolds of constant relative
sectional curvature.
Remark 4.4. If (M, g) is a surface with Gaussian curvature K in the Euclidean space, then
its sectional 1-form ϕ satisfies the equality ϕ = dK and consequently every surface is a
directed Riemannian manifold of pointwise constant relative sectional curvature k = ‖dK‖.
Hence, the surfaces of constant relative sectional curvature are exactly the surfaces satis-
fying the condition ‖gradK‖ = const.
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